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ABSTRACT: We construct the half-supersymmetric instanton solutions that are electric-
magnetically dual to the recently discussed half-supersymmetric Q7-branes. We call these
instantons “Q-instantons”. Whereas the D-instanton is most conveniently described us-
ing the RR axion y and the dilaton ¢, the Q-instanton is most conveniently described
using a different set of fields (x’,T), where x’ is an axionic scalar. The real part of the
Q-instanton on-shell action is a function of 7" and the imaginary part is linear in '
Discrete shifts of the axion x’ correspond to PSL(2,7Z) transformations that are of finite
order. These are e.g. pure S-duality transformations relating weak and strongly coupled
regimes. We argue that near each orbifold point of the quantum axion-dilaton moduli
space {T | T € %%} the higher order R* terms in the string effective action
contain contributions from an infinite sum of single multiply-charged instantons with the

Q-instantons corresponding to the orbifold points 7 = i, p.
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1. Introduction

Recently, 7-brane configurations have been investigated with an emphasis on their super-
symmetry properties [fl] and their coupling to the bulk IIB supergravity fields [ff]. As
shown in [[l] generic 7-brane configurations contain 7-branes that are associated to vari-
ous SL(2,7Z) conjugacy classes. The SL(2,Z) conjugacy classes have been classified in [f
and [[f]. In the classical theory, i.e. if one does not take into account charge quantization
there are three families of SL(2,R) conjugacy classes depending on whether det @ < 0,
det @ = 0 or det @ > 0 where @ is such that ¢? € SL(2,R). The (p, q) 7-branes correspond
to the case det ) = 0 whereas the Q7-branes have det @@ > 0 (no 7-branes correspond to
det Q < 0). For each of these 7-branes one can define an axion, that we denote by x’, with
respect to which the 7-brane is magnetically charged. When we consider charge quantiza-
tion the SL(2,Z) conjugacy classes with det ) = 0 are given by £7" (with n =0,1,2,...),
while for det @ > 0 they are given by S, —S, (T~15)*! and (—7T~15)*!, where T and S
transform the axion-dilaton 7 = y +ie™® as Tt = 7 + 1 and ST = —1/7, respectively.



SL(2,7Z) conj. class. branes
™ n D7-branes
(=S)", n<4 n (—S)-branes
(=T7'8)", n<6 |n (—T"'9)-branes

Table 1: SL(2,Z) conjugacy classes and branes; n € N.

In the notation of [, ] the SL(2,Z) conjugacy classes —S and —7T~1S correspond to a
single positive tension Q7-brane. In table [l| we give an interpretation of the det @ = 0 and
det @ > 0 SL(2,Z) conjugacy classes in terms of D7-branes as well as in terms of positive
tension Q7-branes.

The objects that are electrically charged under Y’ and that are dual to a positive ten-
sion Q7-brane are dubbed “Q-instantons”. These are half-BPS solutions of Euclidean 1IB
supergravity. It is well-known that the object that is dual to the D7-brane is the so-called
D-instanton [E] In this paper we present a path integral analysis of the Q-instantons pro-
viding us with their tunneling interpretation and we derive their basic physical properties
such as their charge and on-shell Euclidean action.

At first sight the existence of new half-supersymmetric instanton solutions to Euclidean
IIB supergravity might be surprising since a simple analysis of the Killing spinor equations
and field equations seems to lead to the unique D-instanton solution of [f, up to an
SL(2,Z) transformation of the D-instanton into a (p, ¢)-instanton. There remains however
the possibility that there exist instantonic solutions that differ from the D-instanton due
to a difference in the source and boundary term. This is in fact what happens and it leads
to different on-shell actions for the D- and Q-instantons.

In it was shown that the D-instanton contributes to higher order corrections to
the string effective action of the form of R* terms. Since Q-instantons preserve the same
supersymmetries as the D-instanton, they are expected to contribute to the same R* terms
as well. We will argue that this is the case.

The paper is organized as follows. In section P we first discuss the general idea of a
Q-brane in type IIB supergravity. In section [ we review the construction and properties of
the D-instanton. These results are compared in section [| with the Q-instanton source and
boundary terms and its on-shell action. In section | we make a path integral analysis of
the Q-instanton and in section ] we discuss the Q-instanton contribution to the R* terms.
We end with a discussion of our results in section [f.

2. Q-branes

Before discussing the Q-instantons we first outline some general ideas regarding the concept
of Q-branes.

The low energy description of the type IIB superstring in a bosonic background with
vanishing 3-form and 5-form field strengths is described by the well-known axion-dilaton
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Figure 1: Fundamental domain of PSL(2,Z)\ PSL(2,R)/SO(2)

action coupled to gravity
1 1 9
S = *1R — = *xdp Ndp — —e*? xdx Ndx | , (2.1)
Mo 2 2

where the vacuum expectation value of e? gives the string coupling gs. The quantum
moduli space of the inequivalent values of the complex axion-dilaton field 7 = y + ie™® of
the non-perturbative type IIB string theory is conjectured [fi] to be given by the orbifold

PSL(2,R)
SO(2) x PSL(2,Z) -

(2.2)

This orbifold is depicted in figure [ll in which we have exaggerated the cusp-like behavior
near the orbifold point 79 = ico where the string coupling gg is close to zero. It is this
region of the moduli space where we know that there is agreement between results from
the perturbatively defined type IIB superstring theory and IIB supergravity. For example,
the spectrum of the D-branes predicted by perturbative IIB string theory corresponds to
brane-like solutions of IIB supergravity [§]. By p we denote the point p = —% + z\/Tg

To indicate the place of the new Q7-branes in the fundamental domain of the axion-
dilaton moduli space, let us recall that the conjectured SL(2,Z) duality of IIB superstring
theory leads to the notion of (p,q) branes, i.e. extended objects on which a (p,q) string
ends. The numbers p and ¢ are two non-negative integers. From the point of view of the
fundamental string, the F1-string or the (1,0) string whose coupling constant goes to zero
in the (perturbative) region of the moduli space at the point 79 = ioo, the (p,q) string is
a bound state of p Fl-strings and ¢ D1-branes [J]. Alternatively, one can consider a (p, q)
string with p and ¢ relatively prime as an elementary string whose perturbative sector is



determined by the zero limit of the coupling constant associated with e®s+ [[I],

2
ePrr = qe? |7 + 2L with r =2/pq, (2.3)
q

in which case the relevant part of the moduli space is a cusp around the point 79 = —r/2q
(where e?s — 0). The low energy description of the (p, q) string theory is again described
by the action (B.J)). This can be made manifest by writing eq. (2.])) in the following form

1 1
S = (*1R — —kdgr Ndbg, — =207 xdx,r N dx, T> . (2.4)
Mg’l 2 k) k) 2 k) bl

The form of the action (R.4) suggests that each (p,q) string vacuum, i.e. the point where
e®ar — 0, has its own coupling constant < e®er > and axion Xg,-- The passage from
one (p,q) string vacuum to another and corresponding field redefinitions are, of course,
governed by the SL(2,Z) symmetry of the type IIB string theory.

Let us now introduce, using the notation of [B], the SL(2,R) algebra valued charge

(/2 p
Q= (_q _r/2> , (2.5)

which describes the electric coupling of the Q7-brane to an SL(2,R) triplet of 8-forms (see
eqs. (£.75) and (P.1§) below). The conjugacy classes of SL(2,R) are characterized by the
value of the trace of e?,

matrix

e? :cos(\/detQ)]l—l-%Q. (2.6)

Families of SL(2,R) conjugacy classes are formed by

-9 =0
tre? = 2cos(y/det @) ¢ >2  or equivalently, by det@ < <0 . (2.7)
<2 >0

When we add D-branes to the type IIB supergravity theory the duality group SL(2,R)
is broken down to the subgroup that is generated by the shift symmetry of the RR axion,
i.e. the R subgroup of SL(2,R). This for example implies that all the D-brane actions are
invariant under the shift of the RR axion. Likewise, when we add a Q-brane to the type
IIB supergravity theory the duality group SL(2,R) is broken down to the subgroup that
is generated by the shift symmetry of the y/, i.e. the SO(2) subgroup of SL(2,R). Hence,
all the brane solutions of IIB supergravity are associated to fixed points of e? with either
det @ = 0 or det Q > 0. The case det @ = 0 corresponds to the (p,q) branes' and the case
det Q > 0 corresponds to Q-branes. The case det Q < 0 does not arise because there are

!The SL(2, R) covariant actions which describe the (p, g)-branes have been constructed in @, @] They
can be regarded as the SL(2, R) transformed Dp-brane actions.



no fixed points of e? with det @ < 0 that are part of the quantum moduli space (2.3). The
point 7y is a fixed point under the e? transformation if it satisfies the equation

b
91y = Z:(?—i—i—_d =179 where (i 2) =9, (2.8)

The fixed points 7y of e? with ¢ > 0 and 0 < Im 7y < oo for det Q > 0 are given by
70:—;—q+é\/detQ. (2.9)

As shown in [}] the Q7-brane configurations are most conveniently described in terms
of the variables T and x’ which (for ¢ > 02) are defined by the following relations

T 7_-0 — e2i\/detQT’ (210)
T —1T0

where 7 is given by

T+ 1 lOgT+2\/detQ X/NX/+L
4+/det Q T —2y/detQ’ Vdet@

As follows from eq. (R.10) the values x" and x4 /y/det Q are to be identified. In the limit
det Q@ — 0 eq. (R.11)) reduces to

(2.11)

T =1 it r=2ypq. (2.12)
q<T+;—q)

The requirement that Im 7 > 0 implies that T' > 2+/det Q) or what is the same Im 7 > 0.
The relation (R.10) between 7 and 7 is a conformal mapping from the upper half plane
Im 7 > 0 to the vertical strip

' / 7T
{T\ImT>O and wa—k\/m}. (2.13)
For special values of p,q, and r the point 7y is equal to the points i and p of figure . In
terms of 7 the region close to i or p looks like a cusp, that is, a region where Im7 — oo
while ¥/ becomes undetermined as T approaches 7.

Table P| shows the values of p,q,r for each of the orbifold points 7y of Fig [] and the
related SL(2,Z) conjugacy classes. The periodicity of the axion X’ is determined by the
value of m/y/det Q. The discrete isometries are the PSL(2,Z) transformations generated
by T and S with Tt = 74 1 and ST = —1/7. The periodicity of x’ follows from the fact
that the transformations S and 718 are, respectively, of order 2 and 3 in PSL(2,Z).

In terms of the fields T and X’ the action (R.1)) takes the form

1 1

1
- IR— c———— % dT NdT — -(T° — 4 ) (214
’ Mo <*R 277 —aderq " T 5 det Q) x dx /\dx> (2.14)

2The restriction ¢ > 0 guarantees that T, which is the tension of a Q7-brane, is postive @]



To (p,q,7) /v/det Q discrete isometry SL(2,Z) conj. class
00 (1,0,0) 0 T:iy—y+1 T
i (3,%,0) 2 S =X +1 -S

21 2 2 —-1qQ. / -1
AN | e e s

Table 2: Properties of the orbifold points 79 = i00, 7, p.

This form of the IIB supergravity action is obtained using the field redefinition (R.10). The
dependence of eq. (R.14) on the parameter det @ can be removed by making the inverse
field redefinition. However, when we couple the action (.14 to the Q7-brane action the
dependence on the conjugacy class parameter det ) cannot be eliminated since there is
no field redefinition which takes (R.14) coupled to a Q7-brane to (R.1]) coupled to a D7-
brane [J]. The same difference we shall observe in the case of D- and Q-instantons. This is
to be contrasted to the case of IIB supergravity coupled to (p, ¢)-branes in which case there
always exists a field redefinition that transforms the system of IIB supergravity coupled to
a (p,q)-brane to IIB supergravity coupled to the corresponding D-brane.
Following [f] we introduce a 9-form field strength which is dual to dx’

(T? — 4detQ) dx' = x(pFy + qHy + rGy) = Fy , (2.15)

where the 9-forms Fy, Hg,Gg are organized in a triplet transforming in the adjoint of
SL(2,R) and p,q and r are the components of the matrix @ (R.§). From the axion '
equation of motion (when ignoring its coupling to the 2-forms and 6-forms) it follows that

dFy =0, (2.16)

so that locally
Fg = dAs. (2.17)

The Q7-brane minimally couples® to Ag via the Wess-Zumino term
S = m/ As, (2.18)

where m is the Q7-brane electric charge with respect to Ag, or magnetic charge associated
with its axion dual x’. In [fj] it has been shown that the axion charge m of the (p,q) 7-
branes takes discrete values (m = 1,2,3,...) while the discreteness of m for the Q7-branes
was shown in [F].

When p =1 and ¢ = r = 0 eq. (B-19) describes the duality between the RR axion x
and the RR 8-form Cg whose field strength is Fyg. When ¢ = 1 and p = r = 0 the field
strength is H9 = dBg where Bg is an NSNS 8-form that couples to the NSNS 7-brane (the
S-dual transformed D7-brane). The case p = ¢ = 0 and r # 0 corresponds to det @ < 0 and
hence there is no 7-brane that couples only to a Dg field whose field strength is Gg = dDs.

3For an early discussion on instantons and monopole-like configurations related to (d — 2)-form gauge
fields we refer to [B]



The dynamics of the 9-form Fy can be described by the following first order action

1 1
R G (7 S ———
9,1

™ 272 —4detQ
1 1

In the action (R.19) the axion x’ appears (in a shift symmetry invariant way) as a Lagrange
multiplier. The term dFy is parity odd as is x'.* The variation of (R.19) with respect to
Fy gives the duality relation (R.19). If we substitute this relation back into the action we
obtain the action (2.14). If we vary (B.19) with respect to x’ we find the Bianchi identity
for Fy (B.16). If we substitute its solution (.17) back into the action (P.19) we obtain a
second order action for Ag. The action (R.I9) will be the starting point of our discussion
of the Q-instantons.

3. D-instantons

Before discussing the new Q-instanton solutions of IIB supergravity, let us briefly review
the derivation of the D-instanton solution [[]. This is a solution of the equations of motion
of the axion and dilaton coupled to gravity in Euclidean space. The Wick rotation of the
action (P.J) is carried out by taking into account that the axion is an axial scalar and hence
gets replaced with iy .> The Wick rotation thus changes the sign of the Einstein term and
the dilaton kinetic term leaving intact the sign of the axion kinetic term. So the Euclidean
action is
S = <—*1R+1*d¢/\d¢—le2¢*dx/\dx>. (3.1)
Mo 2 2
Note that the action is invariant under the axion shift symmetry y — x + b with b being a
constant real parameter. The Einstein equations and the equations of motion of the axion
and the dilaton, which follow from (B.1)), have the form

R 5 (0900 — 0xdun) = 0, (32)
D (e**D™x) = 0, (3.3)
Dy D™ 6+ € (9x)? = 0. 3.4

The Ansatz imposed on the fields to get the D-instanton solution of (B.2)-(B.4) is

Gmn = Omn, dxy = te ?dp = Fde . (3.5)

4The parity oddness of X’ can be understood as follows. The field redefinition () and () implies

that we have
(T? — 4det Q)*/?

2¢/det Q
Then it follows from the relation () that x’ has the same parity as x. Since, the RR axion is parity odd
. /
so is x'.

—6¢(X —Reo) = sin 24/det Q x". (2.20)

®We anticipate that in section E it will be shown that from the path integral point of view it is not
allowed to send x to ix (or x’ to ix’ when it concerns the Q-instanton) under a Wick rotation. Since, in
this and the next section we discuss classical Euclidean field theory which only provides on-shell information
about the saddle point approximation there is no harm done in sending x to #.



The equation (B.H) is nothing but the Bogomol'nyi bound saturation condition imposed
on the axion-dilaton system in flat space. The upper and lower signs in (B.5) correspond,
respectively to the D-instanton and anti-D-instanton. When (B.J) is imposed eqs. (B.2)-

(B.4) reduce to

O (€270 x) = 0 - 8%e? =0, (3.6)
00" + (99)* =0 — e ?9%e? = 0. (3.7)

A spherically symmetric solution to the above equations which describes a single
(anti-)instanton is

c
e? = eP + 787 X7 Xoo = + <€_¢ - ed)m) ) (3.8)

where the upper sign stands for the instanton and the lower sign corresponds to the anti-
instanton, ¢, and Y. are the values of the dilaton and axion at r = \/2™x,, = oo and
¢ > 0 is (roughly speaking) the instanton charge, namely,
27|n|
“ 7 8Vol(S9) (39)

with Vol(S?) being the volume of a 9-sphere of a unit radius and n being an integer which
manifests the instanton charge quantization [[f]. Note that from (B.§) it follows that for the
instanton y + e~? is constant and for the anti-instanton y — e~? is constant everywhere in
10d space.

The solution (B.§) is singular at » = 0 which implies that it is sourced by a point-like
object (the instanton) sitting at » = 0. The (anti-)instanton contribution to the right hand
side of the axion-dilaton field equations (B.6) and (B.7) is as follows

Om(€220™\) = F2r|n| 610 (), e ?0%e® = —2n|n|e ? 610 (). (3.10)

Egs. (B.1() can be obtained by varying the supergravity action (B.1]) coupled to the instan-
ton source

500 (z) <e‘¢ + X) *x1,
(3.11)

1 1
S = <—*1R+§*d¢/\d¢—§e2¢*dx/\dx>+27r\n\

Mo Maio

and imposing the Ansatz (B.5).

The presence of the instanton source term breaks the invariance of the action (B.IT])
under the shift symmetry y — x-+b. The invariance can be restored by adding to eq. (B.11)
the boundary term

—/ Y e x dy = —/ d(x €?? x dy) = / dOz 0, (x e* 0™x), (3.12)
Mo Mo Mo
such that

/ 2y dy = +2xn| [ 609(@) %1 = + 2xn|. (3.13)
oMo Mo



Note that this boundary condition is compatible with egs. (B.1().

The appearance of the boundary term (B.19) in the supergravity action can be best
understood if one starts from the action which includes the field strength Fy = dAg of
the 8-form gauge field Ag and then dualizes it into the axion action by adding the term

Sty XdFy (compare with ([2.19))

1 1

S = <—*1R+—*d(b/\d¢+—e_2¢*Fg/\Fg>+/ xdFy . (3.14)
Mo 2 2 Mo

If in (B.14) the field Fy is considered as the independent one (i.e. not a curl of Ag), the

variation with respect to this field gives the duality relation Fy = e?? x dy which can be

substituted back into the action (B.I4) thus reducing it to

5:/ <_*1R+1*d¢Ad¢—le%’*dwdx)—/ x e x dx. (3.15)
Mio 2 2 Mo

The boundary term we have looked for has appeared as a result of the integration by parts
of the last term in (B.14). To summarize, the shift symmetry invariant action for the IIB
supergravity - D-instanton system is

1 1
S = (—*1R+—*d¢/\d¢——e2¢*dx/\dx>—/ v e2? x dy
Maig 2 2 OMio

+2r|n| 510 () (e—¢ + X) . (3.16)
Mao
We are now ready to compute the on-shell value of this action by substituting
into (B.16) the instanton solution (B.5), (B.§). Then the bulk part of the action vanishes
because of the Bogomol’'nyi bound saturation, the contribution from the boundary term
gets canceled by the y part of the source term, and we are left with

SD|0n—shell = 27T|n| e_qboo, (317)

where e?>~ is the string coupling constant.

In section f] it will be shown that the result (B.I7) corresponds to a saddle point
approximation of a path integral that computes the transition amplitude between axion
conjugate momentum eigenstates or, what is the same, between Noether charge eigenstates
of the Noether current, associated to the shift symmetry xy — x + b, that differ by n units.
As shown in section [ (see also [fi]), in order to obtain a saddle point approximation between
axion x eigenstates, one must add to (B.17) the imaginary term

—27TTNi X 00 s (3.18)

with n > 0 for the D-instanton and n < 0 for the anti-D-instanton. The axion that appears
in (B.1§) is the RR axion x of the Lorentzian IIB theory (and not the Wick rotated one of
this section). Thus the D-instanton action takes the form

Sp = —27i|n|Teo . (3.19)



4. Q-instantons

Let us now perform an analysis similar to the one described above to find instanton solutions
of 1IB supergravity for which det @ > 0 using the fields (7', x/).

4.1 Q-instanton action

The analog of eq. (B.14), that should provide us with the relevant boundary term in the
Q-instanton action, is the Euclidean version of the action (R.19), namely

1 1 1 1
= IR+ s % dT AT + = o % Fy A "y
g Mm( * R+2T2—4detQ* +2T2_4detQ*f9 fg"‘X f9>(7 )
4.1

where we replaced X’ by ix’. The Fy equation of motion gives the duality relation between
Fy and the Wick rotated x’ (similar to (R-17)). Substituting the duality relation back into
the action we get
S W R+~ arpar 1(T2 4det Q) x dx' A dy/
= — — - = — 4de
Mo 272 — 4det Q 2 XA ax @2)

— / (T? — 4det Q) X' x dx .
oMo

To this action we should couple an instanton source term that will be the counterpart
of (B.16) in the (T, x’) basis. Remember that the form of the D-instanton coupling term
was prompted by the structure of the source terms on the right-hand side of the axion-
dilaton eqs. (B.1() which take care of the singularity of the D-instanton solution (B.§). So
to find the relevant form of the instanton coupling term in the new basis we should study
the (T, x) equations of motion.

As in the D-instanton case we shall assume that for the solution under consideration
the d = 10 space is flat and, as follows from the Einstein equation, T" and ' are related by
the following Bogomol'nyi bound saturation condition

dx' = £(T? — 4det Q)1 dT . (4.3)

Then the x'— and T-field equations that follow from ([.) and that satisfy ([£.J) take,
respectively, the following form

— 0 ((T? — 4det Q) 0™ /) = 0, (4.4)
1 (1 T +2y/detQ
1/detO \ BT —2y/det O

where the prime over the logarithm denotes its derivative with respect to 7. From the

(T? — 4det Q)" 9,,0™T =

/
) Omd™T =0,  (4.5)

form of ({.4) and ([L.§) we see that for these equations to acquire the delta-function source
terms 27|n| 619 (&) we should add to the action () a coupling term of the form®

. 1 T4 2/det Q
2 5(10) ( 1 + ’> 1. 4.6
G A Vs e e s Rt e (46)

5The source term (@) is uniquely specified by requiring an electric coupling term linear in x’ and by
requiring it to preserve the same supersymmetries as the D-instanton.

— 10 —



The source term guarantees that the instanton solution we are interested in is defined on
the entire 10d Euclidean space. As in the D-instanton case, the Q-instanton charge is
quantized (|n| =1,2,3,...) as we shall demonstrate in the next Subsection.

Upon adding ({.6) to eq. (f.2) we get the following action in flat Euclidean space

1 1 1
- s AT T — Z(T? — 4 / ,
i M10<2T2—4deth A*dT — (7% — 4det Q)dx /\*dx>

— /8 y (T? — 4det Q) X' * dx’ (4.7)
10

1 T + 2+/det
510 () log + ctQ +x' ) x1.
4+/det Q T —2y/det Q
As in the D-instanton case, due to the presence of the source term there is only one

boundary, Mg, which is located at r = /z™x,, = co. The action ([.J) is invariant
under arbitrary shifts of the axion, X’ — x’+ b (where b is any real number) provided that

+ 27|n|
Mo

/ (T? — 4det Q) » dy' = + 2|n| §10(Z) x1 =+ 2nn|. (4.8)
oMo Maio

The equations of motion of the fields x’ and T which follow from eq. ([L.7) acquire the
contribution of the instanton source term and take the following form on the Bogomol'nyi

bound ([.3)
Om((T? = 4det Q) 0™ ') = F 2rn|01%)(7), (4.9)
Od"T = —27|n|610) (). (4.10)
The Q-instanton solution to eqgs. (f.3) and ({.10) is

s [ 1 1 <T—|—2\/detQ> B 1 1 <Tm+2\/detQ>} (411)
X " Xo =T 1700 B\ T 2ydetq)  4vdetg \T. —2vaetq /|’
T =Ty + T—CS , (4.12)

where c has been given in eq. (B.9). Substituting this solution into the action ([L.7) we get
the on-shell value of the Q-instanton action

7|n| Too + 2¢/det Q
SQ |on—sheH: lOg .
2¢/det Q Too — 2¢/det Q

By virtue of the definition of T, eqs. (R.10) and (R.11), when det Q — 0 the action ({.13)
reduces to the (p, ¢)-instanton action where p and ¢ are as in eq. (R.12).

In section ] it will be shown that the result (.13) corresponds to a saddle point
approximation of a path integral that computes the transition amplitude between Noether

(4.13)

charge eigenstates of the Noether current, associated to the shift symmetry x’ — x' + b,
that differ by n units. As will also be shown in section [, in order to obtain a saddle point
approximation between axion Y’ eigenstates one must add to (B.17) the imaginary term

—27nixs, , (4.14)
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with n > 0 for a Q-instanton and n < 0 for an anti-Q-instanton. The axion that appears
in (f.14) is the axion x’ of the Lorentzian IIB theory (and not the Wick rotated one of this
section). The Q-instanton action thus acquires the form

Sg = —2mi|n|7T . (4.15)

It is instructive to compare the actions ([4) and (f.13) and the equations of mo-
tion (f.9) and (f.10) with the D-instanton case of the previous section. This will allow
us to understand at which point the Q-instanton solutions to ([.7) are different from the
D-instanton solutions. To this end let us perform the following field redefinition” whose
form is prompted by the fact that the Bogomol'nyi bounds (B.5) and ([.J) must be field
redefinition equivalent as both follow from the Einstein equation with g, = ¢,,,. The field
redefinition relating (B.5) and ([J) is

1
_ é r_ 2 -2
T=2ydetQe®’x, x = YNGR dethOg (X e ) . (4.16)

Using (.16)) the action ({.2) in flat space takes the form

1 1
S = <—*d¢/\d¢— —e2¢*dXAdX> (4.17)
Moy \2 2
1

—3 / log <X2 - e_2¢> * (€2 x dx + do)
oMo

27|n|

2y/det Q Sy,

We observe that the bulk part of (.17) coincides with the bulk part of the action (B.16)
while the boundary and source terms of ([.17) and (B.16) differ. This is in agreement with
the remark made in section [ regarding field redefinitions and Q-branes: there exists no

519(Z) log(x £ e ®) x 1.

field redefinition that relates IIB supergravity coupled to a Q-brane to IIB supergravity
coupled to a D-brane.
Consider the equations of motion of y and ¢ that follow from ([.17). These are

m|n|

20 gm. )\ _ 510) (7 4.1
—¢
O™ 6+ €2 (9y)? = ——Ile 510 (7)., (4.19)

Vdet Q (e=? + x)
Using the Bogomol'nyi bound (B.5) which is related to (£.3) via egs. ([.1) one reduces

eqs. (fE.18) and ([E.19) to

§A0(F) = 9p0m(e?)=— ret&’ﬂqﬁ jEx)é(m)(f)-
(4.20)

m|n|

VdetQ(e™? + x)

8m(e2¢8mx) =F

"The field redefinition () does not follow from the Lorentzian IIB field redefinitions ) and ()
via Wick rotation. Here we consider the way in which the D- and Q-instantons differ from the point of view
of classical Euclidean field theory.
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Comparing (B.1() with ({.20) we see that the difference is in the factor
the source term of the latter.

The Ansatz (B.5) and eqs. (f£.20) must be compatible with the boundary condition ([£.§)
required by the shift symmetry of the axion y’. Indeed, in terms of ¢ and y which sat-

isfy (BH), eq. (E.§) takes the form

1  in
2y/det Q (e~ ?=+x)

/ 2\/AtD (e~ 4 x)e® x dy = F2mln| [ 500 x1, (4.21)
oMo Mo

which is consistent with ({.18) and (4.20).
Finally, in terms of the boundary values of ¢ and x the on-shell action (§.13) for the
Q-instanton has the form

So | = min| og C
Q on—sholl 2\/m XOO _ e_¢w bl

which obviously differs from the D-instanton on-shell action (B.17). We conclude that from
the point of view of the classical Euclidean field theory the difference between the D- and

(4.22)

the Q-instanton lies in the different source and boundary terms.

In (£:2) Xoo and ¢o, appear in the combinations xo + e~ %~ and yoo — e %<, that are
naturally associated to the coset SL(2,R)/SO(1,1), and not to the coset SL(2,R)/SO(2).
The Euclidean path integral is invariant under SL(2,R)/SO(2) nonlinear transformations
(see section []). It is therefore not possible to obtain (f.23) with Yoo and ¢, denoting the
RR axion and the dilaton, respectively, from a path integral analysis. This shows from a
somewhat different point of view that the Q-instanton differs from the D-instanton.

As will be shown in section [] the starting point of the path integral analysis is the
first order action (R.19). From the path integral perspective the distinction between a Q-
and a D-instanton is that there does not exist a local field redefinition that relates the

action (R.19) for det @ = 0 to the action (R.19) for det @ > 0. The reason being that (£.19)
depends both on Fy and Y’

4.2 Q-instanton charge quantization

The quantization of the Q-instanton charge, eq. ([L.g), follows from the standard Dirac—
Nepomechie-Teitelboim quantization condition [[4-[q] applied to the Q(-1)-brane (instan-
ton) and a Euclidean Q7-brane in a way similar to the D-instanton case [ff]. Assume that
the spatial volume of the 7-brane is compact with the topology of S7. If we keep one point
on the S7 surface fixed and transport the 7-brane along closed paths its world-volume will
have the topology of S®. The wave function of this compact 7-brane will acquire, due to its

minimal coupling to the axion dual 8-form (R.1§) (with m = 1), the following phase factor
e fuAs (4.23)

where ¥ is the world-volume of the compact 7-brane. Using Stokes’ theorem we can write

/«482/7:92— Fy, (4.24)
> S %
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where S and S’ are the two capping surfaces of the world-volume ¥ = S®. The single-
valuedness of the wave function ([..23) requires that

Fg =2mn, (4.25)
S9

where S? = S S'. Taking now into account the duality relation between Fy and the Wick
rotated axion y/, as follows by varying eq. (J.1]) with respect to Fy, we arrive at eq. ([.§)
which relates the value of the Q-instanton boundary term to its quantized charge.

4.3 The half~-BPS condition

We will show that the Bogomol’nyi bound ([[.3) also follows by analyzing the Killing spinor
equations. In the Lorentzian IIB theory with vanishing 3- and 5-form field strengths the
Killing spinor equations are

50, = (vm - %Qm> € (4.26)
X\ = iPpryMec (4.27)

where € = €1 + i3 and ec = €; — €2 with €1 and €3 being Majorana-Weyl spinors. The
coset Zweibein P, and the composite U(1) connection @,, of the axion-dilaton coset space

S;&’Q[%) ~ SSU&S) must satisfy the Bianchi identity

dP —2iQ AP =0, (4.28)

where P, is such that the action (R.14) can be written as follows (see e.g. [[q, ] for details)

S = (x<1IR—2%xPAP) . (4.29)
Mo 1

We choose a U(1) gauge in which
1 omT

_ 1 Gy /259
™= 5 T2~ ddet Q)12 + 2(T 4det Q) “0m X, (4.30)
T
Qm = 5 mX/ . (431)

We Wick rotate eqs. (.26) and ([E27) by sending x’ to ix’. Treating eqs. ({24)
and ([£27) and their complex conjugates separately we obtain

<Vm + %%x’) e=0, (4.32)
(Vm - % mX/> ec =0, (4.33)
OmT .
((T2 ~1det Q)17 — (T? — 4det Q)1/2amx/> YMec =0, (4.34)
Om T 2 1/2 1\ .m
(T? — 4det Q)12 + (T° — 4det Q) /=0 X’ | Y"e =10, (4.35)
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where € and ec are Wick rotated spinors. The 1/2 BPS condition for the Q-instanton is
Omx' = (T? —4det Q)'0,,T, €=0, (4.36)
and for the anti-Q-instanton
OmX = —(T? —4det Q)719,, T, ec=0. (4.37)

Since locally the Q-instanton and D-instanton solutions and the corresponding Killing
spinor equations are related via a local field redefinition between the (7', x') and (¢, x) basis
the Q-instanton solution solves the above Killing spinor equation. This has been explicitly
verified. When either ([L36) or (£.37) holds we have that the Q- or anti-Q-instanton source
term (@) is half BPS. Using g, = 6 it follows that for the anti-Q-instanton the Killing
spinor € is given by

e = (T?% — 4det Q)"/8¢, (4.38)

where €j is a constant spinor.

5. Path integral approach to Q-instantons

In this section we will justify the approach taken in section [| by deriving the saddle point
approximation of transition amplitudes between axion conjugate momentum eigenstates.
Further, the imaginary part that, as we mentioned, should be added to the on-shell action,
eq. (J14), will be shown to follow from a Fourier transformation relating axion conjugate
momentum eigenstates and axion field eigenstates. The discussions and arguments
presented in this section are inspired by [[[§, [[J]. We refer to RG—PJ] for related work in
four dimensions.

5.1 Wick rotated path integrals and axions

In classical field theory when going from the Lorentzian I1B supergravity to Wick rotated

Euclidean IIB supergravity we replace X’ by ix’. Here, we will show that on the level of

the path integral x’ does not get replaced by ix’ when Wick rotating the path integral.
Consider the path integral

/ DT DFy Dy’ 317X (5.1)

with S [T, Fg, x'] as given in (R-19). We do not include the metric in the discussion con-
cerning the path integral since the metric for the instanton solutions is flat. The axion Y’
in (5.]) can be integrated over using the identity

/ Dy e N Fs — §laF], (5.2)

where §[dFy] is a delta-functional, which implies that dFy = 0.
The Wick rotated version of (f.1]) is

/ DT DFy Dy e e [TFoxT (5.3)
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where Sp = —iS(Wick rotated) is given by (leaving out the metric)

SE [vagvx/] :/

1 1
< ————— xdI' NdT
Mlo

272 — 4det Q
1

T IT? —4det Q

* Fog AN Fg + iX,dfg> . (54)
In the path integral (5.J) we are integrating over paths of field configurations with Dirichlet
boundary conditions for the fields 7" and Fy while free or no boundary conditions are
imposed for the field x’. These boundary conditions are the same as those imposed on the
variations of the action (R.19) with respect to T', Fg and x’. The variation of X’ is entirely
free without any boundary conditions because it appears in (5.4) without a derivative.

Notice that x’ in (p.4) has not been replaced by ix’. Now in the Euclidean path
integral x’ can be again integrated out using the identity (p.4) which allows one to go to
a second order formalism. If instead we had replaced x’ by Y’ this would have no longer
been possible and the first order action in the Euclidean path integral would not have been
equivalent to an 8-form gauge theory anymore since the Bianchi identity dFg = 0 and its
consequence Fg9 = dAg would not arise.

5.2 The role of the moduli space

Let us rewrite the last term in (5.4) as follows

Z/ X,dfg = —i/ dX/ ANFg + ’L/ X’fg . (5.5)
Mao Mo Mo

If we require that the Euclidean path integral respects the standard IIB symmetry
X' — X' + b where b is any real number then we find that Fg should satisfy the following
boundary condition

b Fo9 =27mn with n € Z. (5.6)

IMio

Since b is arbitrary this means that |, Mo Fo9 has to vanish. This would mean that there
is no instanton present. If instead we only require that the axion can undergo integer, in
particular, unit shifts x’ — x’ + 1 then we find that

/ F9 =27mn with n € Z. (5.7)
Mo

We conclude from this that instantons can only exist in axion-dilaton theories whose
moduli space is given by (.3). We mention that the situation with the 7-brane solutions
is in this respect entirely analogous. There the arguments to use (2.9) are based on the
requirement of having 7-brane solutions with finite energy [P4]. The conclusion that one
must factor the moduli space SL(2,R)/SO(2) by SL(2,Z) in order to even speak about
instantons is clear from the path integral point of view and does not follow from the
classical field theory approach of the previous two sections.
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5.3 Integrating over Fy

Instead of integrating out X’ we shall now integrate (5.J) over Fy. This is achieved by
defining a new 9-form Fj

Fo = Fo +i(T? — ddet Q) x dy’. (58)

Such a shift of Fy in the imaginary direction does not affect the integration in (p.). The
action (p.4) now becomes

SE' [Tyfévxl] :/

1 1 1 1
( % dT ANdT + =o————— *x T4 N T}
Ml()

272 — 4det Q 272 — 4det Q

1
+=(T? — 4det Q) x dx’ A dx’) - z/ X' Fo. (5.9)
2 oMo

Even though Fy appears in the boundary term of (5.9) the Fj integral is a Gaussian as
we are integrating over F) with Dirichlet boundary conditions. The Fy in the boundary
term is not integrated over, but is fixed by the identification X" ~ x’ + 1, see eq. (p.1).
Integrating over Fy we find the following path integral

/ (T — 4det Q)V/2DT Dy e~ 52 [TX] (5.10)
F

where F' below the integral sign means to indicate that we are only integrating over the
paths of field configurations that are within the fundamental domain of the quantum moduli
space (R.J). From now on this will always be assumed and the label F will be suppressed.
The integration measure® now contains the factor (172 —4det Q)'/? and the Euclidean action
Sg [T, x'] is given by

Se[T,X] = /

1 1 1
( — % dT ANdT + =(T* - 4detQ)*dx’/\dx’>
Map 2

272 — 4det Q

-H/ X/fg . (5.11)
OMio

5.4 Splitting the \/ integration into bulk and boundary integrations

We split up the integration over x’ into two pieces: the integration over bulk x’ field config-
urations and the integration over boundary x/ field configurations. The bulk x’ field config-
urations will be denoted by the same symbol as was used in the previous Subsections. Since
we now explicitly write x% for the boundary values this should cause no confusion. This
split is most easily done using Dirichlet boundary conditions for the paths appearing in the
path integral over the bulk x’ field configurations. If we do this then we can write for (5.10)

/ (T? — 4det Q)'/>*DT Dy'Dyy e =58 TN X6l (5.12)

8In terms of 7 and 7 the integration measure would be (Im7)~>DrD7, which is PSL(2,Z) invariant.
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with Dirichlet boundary conditions on the integrations over T' and X’. The action
appearing in (p.19) is given by

(1;*dT/\dT+%(T2 —4detQ)*dx’/\dX’>

/ /1 _
SE[T7X7X8]_/ 272 — 4det Q

Maio
+ z/ Xb Fo . (5.13)
IMio

The variation of the bulk part of (p.13) with respect to T' and X' satisfying Dirich-
let boundary conditions produces the standard (non-Wick rotated) IIB axion-dilaton
equations of motion.

5.5 Tunneling interpretation

In this Subsection we will discuss what is precisely computed by the Euclidean path inte-
gral (5.9), i.e. by (5.19).

We would like to interpret (p.12) in terms of matrix elements describing a tunneling
process from an initial (¢ = —oo) time-like hypersurface ¥; to a final (t = +00) time-
like hypersurface ¥ ;. The time-like hypersurfaces X; and ¥ constitute surfaces on which
field operator states exist. In order to describe this within the space-time Mg we add
to it spatial infinity as a point. Hence we consider Mg U {r = oo}, where r is a radial
coordinate. The topology of this one-point compactified space-time is given by R xS whose
boundary 0 (Mg 1 U {r = co}) is given by the disjoint union ¥; U X; where the initial and
final time-like hypersurfaces have the topology of S°.

The instanton charge |, oMo Fy that appears in the imaginary part of eq. (f.13) is equal

to fzf fg — fEi Fi. Multiplying this equality by X5 we can write

i[ =i A i b, (.14
oMo Ef 3

where the values of the axion x’ on the initial and final timelike hypersurfaces ¥; and X
are the same: X} = Xy = xj. In the following we will write xj = x,. Further we have

Fo+if, X7 (5.15)

/ Dype oran X070 — / DXD3( — xp)e 50
The boundary states in (5.19) at ¥; ¢ satisfy (5.7) and (f.14) and so the ]:é’f boundary
data are on-shell.

We will now show that one can use the duality relation (B.17) restricted to the surfaces
;¢ to interpret the boundary data f;’f of eq. (p.1]) in terms of the axion momentum,
or equivalently, in terms of the Noether charge density associated with the axion shift
symmetry. Note that the time component of the Noether current (charge density) is equal
to the axion X’ canonical momentum 7’ obtained by varying the Lagrangian (P.14) with

respect to dyx’

7 = % = (T% — 4det Q) Do’ = J¥ . (5.16)
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Let us consider tunneling between canonical momentum eigenstates of the axion x’ (or
equivalently between its Noether charge eigenstates) from the initial surface ¥; to the final
surface ¥ y. These are described by the following matrix element

Jim () [ e HAT |y, (5.17)
where AT is the Wick rotated time interval between X; and X, H is the axion-dilaton
Hamiltonian which can be obtained from the (flat metric) action (R:14) by the Legendre
transformation and 7127 ¢ are the initial and final momenta of the axion.

The matrix element (p.17) is related by a Fourier transformation to the matrix element
describing the transition between two boundary eigenstates x; and X} of the axion. Namely,
(for AT — o0) we have

_ —i[o X mhti [y X _
() | e HAT | 2ty = / DyiDyye o XTIy SHAT Ly (5 1)

where
“HAT Ny = (0 e AT I (G — ) - (5.19)

We see that no tunneling takes place between vacua for which y/} # X}- This means that

Xy le

the value of x/ at, say, t = +o0 acts as a superselection parameter, like the theta parameter
in Yang-Mills theory. Hence, physical processes in vacua with different values of X/f are
not correlated.

The matrix element appearing on the right-hand side of eq. (p.19) is given by

X | e HAT | Xf) = /(T2 — 4det Q)V?DT Dy e 52 [TXT (5.20)
with Dirichlet boundary conditions on the integrations over 7" and x’ and

SpT,X'] = /

1 1 1
( g < 4T N AT + (17 — ddet Q) xdy’ A d;{) . (5.21)
Ml()

272 — 4det Q

We now compare eqs. (5.1§)—(p-21) with (5.12)-(F.15). Eqgs. (5.18)-(F-21]) taken together
provide a closed expression for the matrix element on the left hand-side of eq. (.1§). On
the other hand eqgs. (5.13)—(F.1) provide an expression for the path integral in (f.19). In
order that (F.I9) computes a physical quantity, namely the matrix element of (5.1§), we
choose the boundary values of Fy to be associated with the boundary values of the y’
canonical momentum (f.I6) via the duality relation (.I7)

]_—é’,f _ / *(T? — 4det Q)dy = /
Ei,f

JR,ng:/ ) dQy, (5.22)
Ei,f z:7,,f

DI

where d{29 denotes the integration measure of the unit 9-sphere.
Using the inverse Fourier transform we have

_ ify xpm—ify X _
0 1717 |y = [ Dy o T B g ST ) (523)
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where now

(x| e HAT | 2ty = / DT DFy §[dF) e 5= Tl | (5.24)

with Dirichlet boundary conditions imposed on the integrations over 1" and Fgy and where

s [T}"]—/ L arpar+i L mAR (5.25)
B e \2 T2 —4det Q 272 —ddet@ TP TY) '

5.6 Saddle point approximation

The saddle point approximation of <le | e HAT | X}> can be obtained using

egs. (6.29), (F.24) and (5.25). For a single instanton of charge n we have

_ ifg, Xpm—i g X
<X/f ’ € HAT ’ X/f> ~ Ne fzf i le d e S (170l ’on—shelh (526)

where N is a prefactor that we will not attempt to evaluate. On the mass shell we have
/ X mlpdQ — / X midQy = 210X, (5.27)
Ef Ei

which follows from eqs. (b.7) and (5.14). Further, on-shell and outside the Q-instanton
source Sg [T, Fyg] = Sg[T,dAs]. The on-shell action can be written as the sum of a
quadratic term and a rest term as

1 1
SE [T, dAg] = 5 /Mlo m * (dT F *fg) A (dT F *fg) + G, (528)
with G given by
1 1 T + 2+/det Q)
G = ————dT'N Fg=— 1 F9, 5.29
Mg T% — 4det Q ’ /;)Mw 1At Q (T —2J/detQ Q> 2, (5:29)

where OM1g = OMy, + OMqy. The boundaries OM,, and dM are, respectively, the 9-
sphere at infinity and around the origin where the field strength Fy fails to be exact (the
location of its magnetic source). However because at |Z| = 0 the field T blows up, the value
of G is zero at this point and only the boundary at infinity contributes. The first term in
the action (p.2§) is positive definite. We thus have the following Bogomol'nyi bound for
field configurations respecting the symmetries of the Q(-1)-brane solution

Sr > +£G. (5.30)
Solutions that satisfy the Bogomol'nyi bound must have the property that
dl' =+ % Fy. (5.31)

For such configurations the on-shell value of the action is given by

7|n/| 1 (Tm+2\/detQ>

SEg [T, dAs] |on-shen= —G =
[T, dAS] |on-shenl 2/det0 e\ T, —2/detQ

(5.32)
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where Ty, > 24/det @ is the asymptotic value of 7. The result (5.33) agrees with (f.13)
and provides a saddle point approximation of the matrix element of a transition between
axion charge eigenstates (or conjugate momentum eigenstates).

Using eqs. (.27) and (p.33) we find for the saddle point approximation (f.26),

it N2l for p > 0

/ —HAT AN 2mnixhe —2m|n|Im7ee B ’
~ N X = . 5.33
(X | e | Xy) ~ Ne {Ne2”"”°° form <0 (5.33)

The case n > 0 corresponds to the Q-instanton whereas n < 0 corresponds to the anti-Q-
instanton. We thus see that adding the term ([l.14) to the action (f.13) leads to a saddle
point approximation of the matrix element of the transition between axion eigenstates
Xi = X} = Xoo- The result (b.33) will be used in the next section to argue that the R*
terms near the points ¢ and p of figure [l] receive contributions from Q-instantons.

6. Q-instanton contributions to the R* terms

The R* terms are those terms in the effective action that are of order (a/)? relative to the
Einstein-Hilbert term. In [{] it is argued that the part of the R* terms that only contains
derivatives of the metric is multiplied by a PSL(2,7Z) invariant real-analytic modular form,
a generalized Eisenstein series. Such functions are eigenfunctions of the Laplace operator
on the hyperbolic plane. In [Bf it is shown that this picture is confirmed by requiring
supersymmetry at the order (a/)? relative to the Einstein-Hilbert term. The R?* terms
contain besides derivatives of the metric also contributions involving terms with derivatives
of the other bosonic fields of the type IIB theory. For the NSNS fields and the RR 0-form
a conjectured SL(2,7Z) invariant R* term is proposed in [Rf]. Here we will only consider
the part of the R* terms that involves derivatives of the metric and that can be obtained

by considering on-shell amplitudes for four graviton scattering. We write [24]

4 — abcede fgh ;mnpqrstu 1 abede fghij mnpqrstu
R* = f(Ta 7_) <t8 19 t8 + gelo 19 Jelo ij Rabmchdquefrnghtu + ey

(6.1)
where tg is defined in [@], €10 1s the 10-dimensional Levi-Civita tensor and Rgpym,, is the
Riemann tensor. The dots indicate that there are more contributions to R?.

The function f(7,7), a generalized Eisenstein series, has the form

53/
f(r,7) = Z m ) (6.2)
(p,n)#(0,0)
where 7 = 71 + i1y and the sum is over all integers p,n € Z except when both p and n
are zero. In order to see the contributions coming from single multiply-charged D- and

anti-D-instantons one writes f as a Fourier series in 7 = x. We have [2§]

27 .
F(r,7) =203)r% + =T 2 tsrr2 Y Z| 2T 1 (27 | min| 7o) (6.3)
m;éOn 1
_ 3/2 1/2 2mwikTy —2mikTy
=2¢(3)7, 3 /2 1 8. Zk:o*_ e +e K1 (2mkms),
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with o_9(k) given by

ooo(k) =) d?, (6.4)
d|k

where the sum is over all positive divisors d of k. The expression (f.3) is a cosine series
with coefficients 16777'21 /2 ko_a(k) Ki(2rkTs), where K is the modified Bessel function of
the second kind. The 7y independent terms in (f.3) do not come from D-instantons, instead
they come from an (a/)3 tree level and a one-loop effect in the four graviton amplitude [f].
In order to see the contribution from single multiply-charged D- and anti-D-instantons
one considers (p.3) close to 79 = ico, i.e. in the limit 7 — oo. Using that for x — oo we

have Ki(z) = \/5-¢ “(1 +---) we find that at the leading order in the limit 75 — oo
2 2 _ i . =
flr,7) =~ 2C(3)7’23/2 + %7’2 V2 4 4r Z k'/? o_as(k) (e%”‘” + 6_2”“'”) . (6.5)
k=1

In the exponents of (f.§) one recognizes the D-instanton action (B.19).

Since the Q-instantons preserve precisely the same supersymmetries as the D-instanton
(see Subsection [.J) they also contribute to the function f(r,7). To justify this argument,
in the remainder of this section we shall Fourier expand the function f in terms of x’ and
compute the Fourier coefficients which will be functions of T'. This will result in an exact
expression for f which is analogous to eq. (6-3). Schematically we write

[e.e]

FT.X) = en(T)e™™ (6.6)

n=—oo

where ¢, (T)) are the Fourier coefficients. This series is manifestly invariant under x’ — x'+1
and provides us with the behavior of f near 7 = 7y. It will be shown that f consists of
a X' independent part and of a cosine series that corresponds to an infinite sum of single
multiply-charged Q- and anti-Q-instantons.

Since the Q-instantons are defined near the points 7 = 4, p in the moduli space they
do not contribute to the low energy effective action in regions of moduli space where
perturbative string theory is valid, i.e. around 7y = i00. We shall expand the function f
around the fixed points 79 = %, p of the axion-dilaton moduli space. To this end it will
prove convenient to introduce what we refer to as the (1, ) coordinate system which is
defined by the relation

T—1T0 ip n
tanh — .
g, =€ tanhg, (6.7)
where ¢ and 7 are related to T and X’ (see eqs. (R.10) and (R.11))) as follows”
0 = 2¢/det Qx’ where 0<p<2m, (6.9)

9The transformation from T to 7 is such that the kinetic term for T' in the action becomes canonically
normalized, i.e. we have

*xdT A dT
B NAL .
T2 —ddetq _ renhan (6:8)
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tanhg = ¢ 2Vdet@ImT where 0<n<oo. (6.10)

Substituting (B.7) into (6.9) we obtain

(Im 0)*/? 1
fn,e) = ’ (o1
(p,n)zaé:(o,O) [P+ 170l (cosh n + sinhy cos(p + B(p, n; 1))/

where B(p,n;7p) is defined by

n?(Im79)? — (p + nRep)?

n?(Im7p)2 + (p + nRe )2’
2nIm 7o (p + nRe 1)

n?(Im79)2 + (p + nRe1p)2

cos B(p,n;10) = (6.12)

sin B(p, n; 70) = (6.13)

From the definition of ¢ in terms of x’ it follows that the invariance of f(T,x’) under
X' — X'+ 1 implies the invariance of f(n,p) under ¢ — ¢ + 2+/det Q. Hence, we make the
following Fourier series decomposition of f(n, ¢)

e}

fe)= > a%(n)ewmmw. (6.14)
m=—o0

The Fourier coefficients a_=m_ are given by
Vdet Q@

1 2v/det Q . .
/ do f(n, p)e VaTa™¥ (6.15)
0

" = 370

By using (B.17)) and by shifting the integration over ¢ in (p.15) to an integration over
0 = ¢ + B(p,n; 1) the Fourier coefficients a

=m_ can be written as
e

Vdet Q

1 T -

a_zm_(n) =——e Z T eVAiq MET0) o

det Q
t 2y/det Q (b 0.0) |p + no|
2v/det Q+p(p,n;10) e—ﬁmi@
<[ a6 _— (6.16)

B(p.nimo) (cosh n + sinh 7 cos 6) /

We will further evaluate (b.1€) for the cases 79 = ¢ and 79 = p separately. We start
with the case 79 = 4. In table J] we presented some data regarding the orbifold points

70 = 4, p. We found that for 70 = ¢ we have 2y/det @ = 7. From eqgs. (f-13) and (6.19)
specified to the case 7y = i we derive the following two identities

B(—n,p;i) = 7 + B(p,n; i), (6.17)
B(n,p;i) = m — B(p,n;i). (6.18)
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Using the identity (6.17) we can write

Z e2miﬁ(p,n;i) /7r+ﬁ(p,n;i) 0 e—2mif
g0 P TPV Joemi (cosh 7y +sinhcos 6)%
e2mifB(p,nsi) 2m+B(p,n;i) e—2mif
Z 2 1 ,2)3/2 / df 373 = (6.19)
() 2(0.0) (p? + n?)3/ T+B(p,nsi) (cosh n 4 sinh 7 cos #) /
1 2mifB(p,n;i) 27 —2mif
9 Z 62 213/2 / df - 3/2 7
2 (p.m)2(0,0) (2 +n2)3/2 Jo (cosh i + sinh 7 cos #)%/

where in the last equality we took the average of the first two lines and used the property
27r+5 f gt fo + f 2m+f fo because the integrand is periodic with the period 2.

We thus find that the Fourier coefficients (p.16) take the form
1 D cos(2mo)

agm(n)ZZ— Z —_— dé

T (p,n)#(0,0) (p* +n2)3/2 Jo (coshn + sinh 7 cos 6)3/2 ’

where the integral from 0 to 27 that involves sin(2m#) vanished.
The identity (f.1§) can be used to show that the sum preceding the integral in (6.2()
satisfies

(6.20)

Z e2miB(pn;i) B Z e—2mif(p,nsi)
2 2)3/2 2 2)3/2

o0 P T o P ET)

so that ag;,(n) = a—gm(n). The latter property implies that the Fourier expansion ([6.14)

(6.21)

becomes the following cosine series
f(n,¢) =ao(n) + Z azm(n) (€™ + e72M¥) (6.22)

The integral in (6.20) is the integral representation (up to a factor) of a toroidal func-
tion, denoted by Pz/m(cosh n). Toroidal or ring functions are special cases of the associated
Legendre functions. We have 9]

2m T 3 _
/ de cos(nd) 57 = 271(—1)"(273”) Pln/z(cosh n) . (6.23)
0 (coshn + sinh 7 cos 6) / I'(3)
The functions Pln/z(cosh n) for n =0,1,2,... can be written in terms of a hypergeometric

function as follows [RJ]
1 @+ 1
27 T(n + 1)I( 1

Substituting egs. (6.23) and (6.24) into (6.20) we see that the function f(n, ),
eq. (p-29), around the point 79 = i can be written as the following Fourier series

3
Py (coshn) = g)_ p sinh" n F' <n Z’g — ~in 4+ 1; —sinh? ) . (6.24)

2m7ﬂ(p,n 7

1 3 1 o
f(777 SO) = Z (p2+n2)3/2 F <Z7 _17 17 - Slnh 7]) +Z Z p +7’L2)3/2 X (625)
(p,n)#(0,0) m=1 (p,n)#(0,0)
1 T(E+2m)

31 . .
—2 = 7 sinh?nF [ m+>, m—=;2m+1; —sinh? > e2mie 4 o=2miv)
“ 2T 2m+ )0 (E) 7 < ) )

4’ 4
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From eqgs. (p.9) and (f.10) we know that

T2 — 4
TP oddet@ i et Q= g . (6.26)

= d inh?n =
p=7X an sinh”n 1det O

The Fourier series (f.2) in terms of x’ and T2 — 4det Q associated with the fixed point
70 = 4 is analogous to the Fourier series expansion (p.J) around the point 79 = ico in terms
of i1 =xand , =Im7t = e ?.

In order to make manifest the Q- and anti-Q-instanton contributions to the function
f we consider the expansion (6.25) at the leading order around the point 7 = 0 (that
corresponds to a singular point of the associated Legendre function P1 75 (coshn)). Note
that, by virtue of the relation (@), the point n = 0 corresponds to 7 = i. Using that at
leading order

sinh?n ~ 4 2mmT (6.27)

we find that at this order!?

_ 1
AT T)~ ) (0% + n2)3/2
(p,n )75(0 0)
N Z Z e2miB(p,nsi) I‘(% + 2m)
(P2 +n?)32T(2m + 1)I(3)

m=1 (p,n)#(0,0)

(e%m” n e—%mﬁ) . (6.29)

The form of the sum over m = 1,2,... in eq. (6.29) which is analogous to the D-
instanton case prompts us to assume that it reproduces the contribution of single multiply-
charged Q- and anti-Q-instantons as one can see by comparing (p.29) with eq. (§.33). The
first term in (f.29) does not correspond to an instanton contribution. Its origin is yet to
be understood.

We have discussed in detail how to obtain the Fourier series expansion of the function
f around 79 = i, eq. (6-25). We end this section by briefly discussing the Fourier series
expansion of f around 79 = p. The starting point is eq. (p.16) in which we take 79 = p
and \/det @ = % see table f. In this case from eqs. (f.1J) and (B.13) we can obtain the
following three identities

Bl = pip) = 5+ (o ). (6:30)
Bp—n,p;p) = 4% + B(p,n; p) (6.31)
—B(n,p;p) = %ﬂ + B(p,n;p) . (6.32)

10This can alternatively be derived by using that P{)5(coshn) can also be written as

I'(Z+n)
L(n+1)I'(2 —n)

13

Pl (coshn) = tanh” g F (—— 2.1 4 n; —sinh® g) . (6.28)

272’

Then using that for 70 = i we have tanh® 2 = e~ 2™mT and n = 2m the result eq. () follows.
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Using (p.3() and (6.31) one can show, in a way which is very similar to the derivation of
eq. (p-20) for 79 = i, that the Fourier coefficients as,(n) are given by

3/2 2
asm(n) = 1 Z (Im p)*/ 3miB(p,nip) / do cos(3m#) ' (6.33)
2m (p,n)#(0,0) p + npl? 0 (cosh n + sinh 7 cos 9)3/2

It follows by employing eq. (6.39) that azn(n) = a_3,(n). Hence, using the Fourier de-
composition (p.14) and egs. (6.33), (6.23) and (6.24) we find for 79 = p

3/2 3/2
f(n,e) = Z MF<Z,—£;1;—sinh2n>+Z Z M 3mif(p,nip)

lp + np|? o+ npP°

(p,n)#(0,0) m=1 (p,n)#(0,0)
1 T +3m) 3m 3 3m 1 , ;
-1 m_2— h3m F _ . 1: —si h2 3mip —3mip )
ST TEm+1T(3) ( o Ty oo 77>(e )
(6.34)
At leading order we can write
sinh®n ~ e 27m7T (6.35)
so that at this order near 79 = p we obtain
T Imp 3/2 - Imp / ma n;
AR D e e RO DEDY ﬁ SmiB (i) o
(p,n)#(0,0) m=1 (p,n)#(0,0)
L5 +3M)  ( ommit | —2nmiT
X _1 m— Tme + T , 636
SR e NS <e ‘ ) (6.36)

where we used ¢ = 2Ly,

The expressions (6.29) for 70 = i and (f.3§) for 79 = p can be contrasted with the
leading order result for 79 = ioo, eq. (.§). The results (6.29) and (p.36) differ from (p.5)
most notably in the axion-independent parts. We expect that there to be a (Q-brane
interpretation for the x’ independent pieces of (p.29) and (f.3@), but at this moment it is
not clear what kind of processes would account for these terms.

7. Discussion

In this article we have constructed new 1/2 BPS instanton solutions to the Wick rotated
Euclidean IIB supergravity theory. We have shown that they differ from the known D-
instantons and that they are the electric partners of the Q7-branes of [, fJ. The path
integral approach to the Q-instantons shows the existence of new vacua and a new superse-
lection parameter X’ . Further, we have argued that the Q-instantons contribute to the R*
terms near the points 7y = 7, p of the quantum moduli space %. The expansion
of the generalized Fisenstein series around the points 79 = ¢, p contains terms that do not
depend on X’ and for which a Q-brane interpretation is yet to be found.

We believe that the results of this article together with [, P} support the idea that

1IB supergravity provides a valid field theory approximation of some underlying quantum
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theory near each of the orbifold points of the quantum axion-dilaton moduli space of
figure . It is of interest to understand if in addition to the Q7-branes and the Q-instantons
there exist other Qp-brane solutions associated to the orbifold points i and p of the IIB
quantum moduli space.

In addition to the instantons and 7-branes it should also be possible to consider 3-
branes near the orbifold points 79 = 4, p since the 3-brane is an SL(2,7Z) singlet and can
be put at any point of the IIB moduli space. Based on the arguments presented in this
paper we expect there to exist a field theory description of the world-volume theory of a
“Q3-brane”, i.e. a 3-brane near 19 = i,p. It would then be interesting to study such a
Q3-brane in the presence of probe Q-instantons or probe Q7-branes and to see if one may
learn something about the Yang-Mills theory on the Q3-branes.

We end this discussion section with the following comment on the relevance of Q-branes
in relation to gauged supergravities. The idea that the type IIB supergravity theory can be
used as a valid approximation of some underlying quantum theory near the points 7 = i, p is
of importance, for example, if one considers gauged supergravities that result from the I1IB
theory in which the ¥’ — x’ + b isometry has been gauged. The simplest example of such
a gauged supergravity is the nine-dimensional SO(2) gauged maximal supergravity that is
constructed via a Scherk-Schwarz reduction of IIB supergravity by gauging the SO(2) sub-
group of SL(2,R) [B(]. This nine-dimensional theory has domain-wall solutions which cor-
respond (via uplifting) to Q7-branes of ten-dimensional IIB supergravity.!! Thus, the study
of the structure of gauged supergravities may provide us with additional information about
the nature of Q-branes and whether they manifest yet unexplored corners of M-theory.
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